SWAN

In SWAN the waves are described with the two-dimensional wave action density spectrum, even when
nonlinear phenomena dominate (e.g., in the surf zone). The rationale for using the spectrum in such highly
nonlinear conditions is that, even in such conditions it seems possible to predict with reasonable accuracy
this spectral distribution of the second order moment of the waves (although it may not be sufficient to fully
describe the waves statistically). The spectrum that is considered in SWAN is the action density spectrum
N(g, 6 rather than the energy density spectrum E(g;6) since in the presence of currents, action density is
conserved whereas energy density is not (e.g., Whitham, 1974). The independent variables are the relative
frequency o (as observed in a frame of reference moving with current velocity) and the wave direction (the
direction normal to the wave crest of each spectral component). The action density is equal to the energy
density divided by the relative frequency: E(g;6) = E(g,8)/0. In SWAN this spectrum may vary in time and
space.

Action balance equation In SWAN the evolution of the wave spectrum is described by the spectral action
balance equation which for Cartesian coordinates is (e.g., Hasselmann et al., 1973):

0 0 0 0 0 S
+ — N+ — cyN+ — N+ — coN=— (Ala)

o Tk My e Ve T

The first term in the left-hand side of this equation represents the local rate of change of action density in
time, the second and third term represent propagation of action in geographical space (with propagation
velocities cx and cy in x- and y- space, respectively). The fourth term represents shifting of the relative
frequency due to variations in depths and currents (with propagation velocity c, in o- space). The fifth term
represents depth-induced and current-induced refraction (with propagation velocity c, in 6-space). The
expressions for these propagation speeds are taken from linear wave theory (e.g., Whitham, 1974; Mei,
1983; Dingemans, 1997). The term S (= S (g, ) at the right hand side of the action balance equation is the
source term in terms of energy density representing the effects of generation, dissipation and nonlinear
wave-wave interactions. A brief summary of the formulations that are used for the various source terms in
SWAN is given next. More details are given in Section 2.1.4.

In view of the use of SWAN at shelf sea or oceanic scale the user can choose to express the basic equation
in spherical coordinates:
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with longitude, A and latitude, ¢.

Wind input

Transfer of wind energy to the waves is described in SWAN with a resonance mechanism (Phillips,1957) and
a feed-back mechanism (Miles, 1957). The corresponding source term for these mechanisms is commonly
described as the sum of linear and exponential growth:

Sin (0, 6) = A + BE (0, 6) (A2)

in which A and B depend on wave frequency and direction, and wind speed and direction. The effects of
currents are accounted for in SWAN by using the apparent local wind speed and direction. The expression
for the term A is due to Cavaleri and Malanotte-Rizzoli (1981) with a filter to avoid growth at frequencies
lower than the Pierson-Moskowitz frequency (Tolman, 1992a). Two optional expressions for the coefficient B
are used in the model. The first is taken from an early version of the WAM model (known as WAM Cycle 3,
the WAMDI group, 1988). It is due to Snyder et al. (1981), rescaled in terms of friction velocity U by Komen
et al. (1984). The drag coefficient to relate U( to the driving wind speed at 10 m elevation U, is taken from

Wu (1982). The second expression for B in SWAN is taken from the most recent version of the WAM model
(known as WAM Cycle 4, Komen et al., 1994). It is due to Janssen (1991a) and it accounts explicitly for the
interaction between the wind and the waves by considering atmospheric boundary layer effects and the
roughness length of the sea surface. The corresponding set of equations is solved (as in the WAM model)
with the iterative procedure of Mastenbroek et al. (1993).

Dissipation

The dissipation term of wave energy is represented by the summation of three different contributions:



whitecapping Sicw (o, 0) , bottom friction Sich (o, 6) and depth-induced breaking S, br(cr, 0).

Whitecapping is primarily controlled by the steepness of the waves. In presently operating third-generation
wave models (including SWAN) the whitecapping formulations are based on a pulse-based model
(Hasselmann, 1974), as adapted by the WAMDI group (1988):
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where I is a steepness dependent coefficient, k is wave number and 0 and K denote a mean frequency
and a mean wave number, respectively (cf. the WAMDI group, 1988). Komen et al. (1984) estimated the
value of I' by closing the energy balance of the waves in fully developed conditions. This implies that this
value depends on the wind input formulation that is used. Since two expressions are used for the wind input
in SWAN, also two values for I' are used. The first is due to Komen et al. (1984, as in Cycle 3 of the WAM
model). It is used in SWAN when the wind input coefficient B of Komen et al. (1984) is used. The second
expression is an adaptation of this expression based on Janssen (1991a; as in Cycle 4 of the WAM model;
see Janssen, 1991b; Giinther et al., 1992). It is used when the wind input term B of Janssen (1991a) is used.
Young and Banner (1992) and Banner and Young (1994) have shown that the results of closing the energy
balance in this manner depend critically on the choice of a high-frequency cut-off frequency above which a
diagnostic spectral tail is used. In SWAN this cut-off frequency is different from the one used in the WAM
model. Differences in the growth rates between the WAM model and SWAN are therefore to be expected.

An alternative formulation for whitecapping is based on the Cumulative Steepness Method as described in
Alkyon et al. (2002). With this method dissipation due to whitecapping depends on the steepness of the wave
spectrum at and below a particular frequency. It is defined as (directionally dependent):
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In this expression the coefficient m controls the directional dependence. It is expected that this coefficient will
be order 1 if the straining mechanism is dominant, m is more than 10 if other mechanism play a role (e.g.
instability that occurs when vertical acceleration in the waves becomes greater than gravity). Default in
SWAN is m = 2.

The new whitecapping source term is given by
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with C:C atuneable coefficient.

Depth-induced dissipation may be caused by bottom friction, by bottom motion, by percolation or by back-
scattering on bottom irregularities (Shemdin et al., 1978). For continental shelf seas with sandy bottoms, the
dominant mechanism appears to be bottom friction (e.g., Bertotti and Cavaleri, 1994) which can generally be
represented as:
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in which C_.is a bottom friction coefficient. A large number of models has been proposed since the

pioneering paper of Putnam and Johnson (1949). Hasselmann et al. (JONSWAP, 1973) suggested to use an
empirically obtained constant. It seems to perform well in many different conditions as long as a suitable
value is chosen (typically different for swell and wind sea; Bouws and Komen, 1983). A nonlinear formulation
based on drag has been proposed by Hasselmann and Collins (1968) which was later simplified by Collins
(1972). More complicated, eddy viscosity models have been developed by Madsen et al. (1988; see Weber,
1991a) and by Weber (1989, 1991a, 1991b). Considering the large variations in bottom conditions in coastal
areas (bottom material, bottom roughness length, ripple height etc.), there is no field data evidence to give
preference to a particular friction model (Luo and Monbaliu, 1994). For this reason, the simplest of each of



these types of friction models has been implemented in SWAN: the empirical JONSWAP model of
Hasselmann et al. (1973), the drag law model of Collins (1972) and the eddy-viscosity model of Madsen et
al. (1988). The effect of a mean current on the wave energy dissipation due to bottom friction is not taken
into account in SWAN. The reasons for this are given by Tolman (1992b) who argues that state-of-the-art
expressions vary too widely in their effects to be acceptable. He found that the error in finding a correct
estimate of the bottom roughness length scale has a much larger impact on the energy dissipation rate than
the effect of a mean current.

The process of depth-induced wave-breaking is still poorly understood and little is known about its spectral
modelling. In contrast to this, the total dissipation (i.e., integrated over the spectrum) due to this type of wave
breaking can be well modelled with the dissipation of a bore applied to the breaking waves in a random field
(Battjes and Janssen, 1978; Thornton and Guza, 1983). Laboratory observations (e.g., Battjes and Beji,
1992; Vincent et al. 1994; Arcilla et al.,, 1994 and Eldeberky and Battjes, 1996) show that the shape of
initially uni-modal spectra propagating across simple (barred) beach profiles, is fairly insensitive to depth-
induced breaking. This has led Eldeberky and Battjes (1995) to formulate a spectral version of the bore
model of Battjes and Janssen (1978) which conserves the spectral shape. Expanding their expression to
include directions, the expression that is used in SWAN is:
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in which E is the total wave energy and D, <0 is the rate of dissipation of the total energy due to wave

breaking according to Battjes and Janssen (1978). Adding a quadratic dependency on frequency as
suggested by Mase and Kirby (1992, supported by Elgar et al., 1997) seems to have no noticeable effect on
the SWAN results. Chen and Guza (1997) inferred from observations and simulations with a Boussinesq
model that the high-frequency levels are insensitive to such frequency dependency because an increased
dissipation at high frequencies is compensated approximately by increased nonlinear energy transfer (but
they did find the frequency dependency to be relevant in time domain). The value of Dmtdepends critically on

the breaking parameter y = Hpyax / d (in which Hmax is the maximum possible individual wave height in the
local water depth d). In SWAN a constant value and a variable value are available. The constant value is y =
0.73 (the mean value of the data set of Battjes and Stive, 1985).

Nonlinear wave-wave interactions

In deep water, quadruplet wave-wave interactions dominate the evolution of the spectrum. They transfer
wave energy from the spectral peak to lower frequencies (thus moving the peak frequency to lower values)
and to higher frequencies (where the energy is dissipated by whitecapping). In very shallow water, triad
wave-wave interactions transfer energy from lower frequencies to higher frequencies often resulting in higher
harmonics (Beji and Battjes, 1993; low-frequency energy generation by triad wave-wave interactions is not
considered here).

A full computation of the quadruplet wave-wave interactions is extremely time consuming and not convenient
in any operational wave model. Nevertheless, the current version of SWAN (40.41) has two options to
compute the Boltzmann integral in an exact manner. The first approach is the so-called FD-RIAM technique
as proposed by Hashimoto et al. (1998). This approach enables to capture the frequency shift and the
spectral shape changes as water depth decreases. The FD-RIAM method as implemented in SWAN has
been successfully applied to the shallow water Lake Georgia in Australia; see Hashimoto et al. (2003). The
second approach is the exact method developed by Webb, Tracy and Resio (WRT) (Resio et al, 2001). This
algorithm was reprogrammed by Van Vledder, bearing the name Xnl (Van Vledder and Bottema, 2003). This
method is also enable to capture the frequency shift and the spectral shape changes as water depth
decreases.

A number of techniques, based on parametric methods or other types of approximations have been
proposed to improve computational speed (see Young and Van Vledder (1993) for a review). In SWAN, the
computations are carried out with the Discrete Interaction Approximation (DIA) of Hasselmann et al. (1985).
This DIA has been found to be quite successful in describing the essential features of a developing wave
spectrum; see Komen et al. (1994). For uni-directional waves, this approximation is not valid. In fact, the
quadruplet interaction coefficient for these waves is nearly zero (G.Ph. van Vledder, personal
communication, 1996). For finite-depth applications, Hasselmann and Hasselmann (1981) have shown that
for a JONSWAP-type spectrum the quadruplet wave-wave interactions can be scaled with a simple
expression.

In some cases, the DIA technique may not be accurate enough. In Hashimoto et al. (2003), it was
demonstrated that the accuracy of the DIA may be improved by increasing the number of quadruplet
configurations. They proposed a Multiple DIA with up to 6 wave number configurations.



A first attempt to describe triad wave-wave interactions in terms of a spectral energy source term was made
by Abreu et al. (1992). However, their expression is restricted to non-dispersive shallow water waves and is
therefore not suitable in many practical applications of wind waves. The breakthrough in the development
came with the work of Eldeberky and Battjes (1995) who transformed the amplitude part of the Boussinesq
model of Madsen and Sgrensen (1993) into an energy density formulation and who parameterized the
biphase of the waves on the basis of laboratory observations (Battjes and Beji, 1992; Arcilla et al., 1994). A
discrete triad approximation (DTA) for co-linear waves was subsequently obtained by considering only the
dominant self-self interactions. Their model has been verified with flume observations of long-crested,
random waves breaking over a submerged bar (Beji and Battjes, 1993) and over a barred beach (Arcilla et
al., 1994). The model appeared to be fairly successful in describing the essential features of the energy
transfer from the primary peak of the spectrum to the super harmonics. A slightly different version, the
Lumped Triad Approximation (LTA) was later derived by Eldeberky (1996). This LTA technique is used in
SWAN.

Obstacles

SWAN can estimate wave transmission through a (line-)structure such as a breakwater (dam). Such an
obstacle will affect the wave field in two ways, first it will reduce the wave height locally all along its length,
and second it will cause diffraction around its end(s). The model is not able to account for diffraction. In
irregular, short-crested wave fields, however, it seems that the effect of diffraction is small, except in a region
less than one or two wavelengths away from the tip of the obstacle (Booijj et al., 1993). Therefore the model
can reasonably account for waves around an obstacle if the directional spectrum of incoming waves is not
too narrow. Since obstacles usually have a transversal area that is too small to be resolved by the bottom
grid in SWAN, an obstacle is modelled as a line. If the crest of the breakwater is at a level where (at least
part of the) waves can pass over, the transmission coefficient K; (defined as the ratio of the (significant) wave
height at the downwave side t of the dam over the (significant) wave height at the upwave side) is a function
of wave height and the difference in crest level and water level. The expression is taken from Goda et al.
(1967):
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where F = h - d is the freeboard of the dam and where H; is the incident (significant) wave height at the
upwave side of the obstacle (dam), h is the crest level of the dam above the reference level (same as
reference level of the bottom), d the mean water level relative to the reference level, and the coefficients a,
depend on the shape of the dam (Seelig, 1979):

case a B

vertical thin wall 1.8 0.1
caisson 2.2 0.4
dam with slope 1:3/2 2.6 0.15

The above expression is based on experiments in a wave flume, so strictly speaking it is only valid for normal
incidence waves. Since there are no data available on oblique waves it is assumed that the transmission
coefficient does not depend on direction. Another phenomenon that is to be expected is a change in wave
frequency since often the process above the dam is highly nonlinear. Again there is little information
available, so in SWAN it is assumed that the frequencies remain unchanged over an obstacle (only the
energy scale of the spectrum is affected and not the spectral shape).

First-, second-and third-generation mode

SWAN can operate in first-, second-and third-generation mode. The first-and second-generation mode are
essentially those of Holthuijsen and de Boer (1988) (first-generation with a constant Phillips constant of
0.0081; second-generation with a variable Phillips constant). An overview of the options is given in the Table
below.

generation mode
of SWAN

" 1st | 2nd | 3rd "




Linear wind growth: ) ) )

Cavaleri & Malanotte-Rizzoli (1981) X X

[modified]

Cavaleri & Malanotte-Rizzoli (1981) X
Exponential wind growth: -

Snyder et al. (1981) [modified] X X

Snyder et al. (1981) x1

Janssen (1989, 1991) X2
Whitecapping: .

Holthuijsen and de Boer (1988) x3 x4

Komen et al. (1984) x1

Janssen (1991), Komen et al. (1994) X2
Quadruplet interaction: Hasselmann et al. (1985) X
Triad interactions: Eldeberky (1996) X X X
Depth-induced breaking: Battjes & Janssen (1978) X X X
Bottom friction:

Hasselmann et al. JONSWAP (1973) X X X

Collins (1972) X X X

Madsen et al. (1988) X X X
Obstacle transmission: Seelig (1979) X X X

For SWAN running in a third generation rPode,2 the following combinations of the input and whitecapping
parameterizations are used (indicated with and , see command GEN3):

! gives the wind input and whitecapping formulations as used in WAM Cycle 3.

2
gives the wind input and whitecapping formulations as used in WAM Cycle 4.

Pierson-Moskowitz spectrum as upper limit.

scaled Pierson-Moskowitz spectrum as upper limit.
Wave-induced set-up
In a 1D case, the computation of the wave-induced set-up is based on the vertically integrated momentum
balance equation which reduces to a balance between the gradient of the wave radiation stress and the
hydrostatic pressure gradient (no wave-induced currents exist). In a 2D case, the computation of the wave-
induced set-up is based on the divergence of the vertically integrated momentum balance equation being
zero.
Diffraction
To accommodate diffraction in SWAN simulations, a phase-decoupled refraction-diffraction approximation is
suggested (Holthuijsen et al, 2003). It is expressed in terms of the directional turning rate of the individual
wave components in the 2D wave spectrum. The approximation is based on the mild-slope equation for
refraction and diffraction, omitting phase information. It does therefore not permit coherent wave fields in the
computational domain.

Detailed formulation

The complete expressions for the physical processes of generation, dissipation and nonlinear wave-wave
interactions that are available in the SWAN model are given here.

Input by wind (Sin)
Wave growth by wind is described by:

S, (0,8) =A +BE(0,0)



(B1)

in which A describes linear growth and BE exponential growth. It should be noted that the SWAN model is
driven by the wind speed at 10 m elevation U, whereas the computations use the friction velocity U,. For the

WAM Cycle 3 formulation the transformation from U,tou is obtained with

2 2
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in which C is the drag coefficient from Wu (1982):

1.2875x107° for U,< 7.5m/s
(B3)

(0.8+0.0658/mxU )x107° for U,> 7.5uw/s

For the WAM Cycle 4 formulations, the computation of U( is an integral part of the source term.

Linear growth by wind
For the linear growth term A, the expression due to Cavaleri and Malanotte-Rizzoli (1981) is used with a filter
to eliminate wave growth at frequenues lower than the Pierson-Moskowitz frequency (Tolman, 1992a) (note

that in his equation (10) the power of 10 should be 10 ; H. Tolman, personal communication, 1995):
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in which 6, is the wind direction, H is the filter and o+ is the peak frequency of the fully developed sea
state according to Pierson and Moskowitz (1964; reformulated in terms of friction velocity).

Exponential growth by wind:
Two expressions for exponential growth by wind are optionally available in the SWAN model. The first

expression is due to Komen et al. (1984). Their expression is a function of —
C
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in which Con is the phase speed and p, and p,, are the density of air and water, respectively. This expression

is also used in WAM Cycle 3 (the WAMDI group, 1988). The second expression is due to Janssen
(1989,1991). It is based on a quasi-linear wind-wave theory and is given by:
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where B is the Miles "constant". In the theory of Janssen (1991), this Miles "constant" is estimated from the
non-dimensional critical height A:

B = —2aln‘x A<l
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where k is the Von Karman constant, equal to 0.41 and z¢ is the effective surface roughness. If the non-
dimensional critical height A>1, the Miles constant B is set equal 0. Janssen (1991) assumes that the wind
profile is given by:

(B8)

in which U(z) is the wind speed at height z (10 m in the SWAN model) above the mean water level, zo is the
roughness length. The effective roughness length z. depends on the roughness length zo and the sea state
through the wave induced stress T, and the total surface stress T:

Z, = — and z =& (B9)
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The second of these two equations is a Charnock-like relation in which @ is a constant equal to 0.01. The

wave stress TW vector is given by:
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The value of U* can be determined for a given wind speed Uip and a given wave spectrum E(o, 8) from the
above set of equations. In the SWAN model the iterative procedure of Mastenbroek et al. (1993) is used.
This set of expressions ((B-6) through (B-10)) is also used in WAM Cycle 4 (Komen et al., 1994).

Dissipation of wave energy (S, )

Whitecapping

The processes of whitecapping in the SWAN model is represented by the pulse-based model of Hasselmann
(1974). Reformulated in terms of wave number (rather than frequency) so as to be applicable in finite water
depth (cf. the WAMDI group, 1988), this expression is:

E
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where 0 and K denote the mean frequency and the mean wave number (for expressions see below)
respectively and the coefficient ' depends on the overall wave steepness. This steepness dependent
coefficient, as given by the WAMDI group (1988), has been adapted by Giinther et al. (1992) based on
Janssen (1991a, see Janssen, 1991b):

VI
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For & = 0 the expression of I reduces to the expression as used by the WAMDI group (1988). The
coefficients C,,, & and m are tunable coefficients, S is the overall wave steepness (defined below), S oM

~ ~ 3%
is the value of S for the Pierson-Moskowitz spectrum (1964; S oM =(3.02x10 ) ). This overall wave

steepness S is defined as:

g = ﬁfm ) (B13)

The mean frequency o , the mean wave number K and the total wave energy: E,, are defined as (cf. the
WAMDI group, 1988):
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The values of the tunable coefficients Cds and & and exponent p in this model have been obtained by
Komen et al. (1984) and Janssen (1992) by closing the energy balance of the waves in idealized wave
growth conditions (both for growing and fully developed wind seas) for deep water. This implies that
coefficients in the steepness dependent coefficient depend on the wind input formulation that is used. Since
two different wind input formulations are used in the SWAN model, two sets of coefficients are used. For the
wind input of Kc>5men et al. (1984; corresponding to WAM Cycle 3; the WAMDI group, 1988):

Cds = 2.36x10 , 6=0 and p = 4. Janssen (1992) and also Giinther (1992) obtained (assuming p = 4) C =
5

4.10x10 and 6= 0.5 (as used in the WAM cycle 4; Komen et al., 1994).

Bottom friction

The bottom friction models that have been selected for SWAN are the empirical model of JONSWAP

(Hasselmann et al., 1973), the drag law model of Collins (1972) and the eddy-viscosity model of Madsen et
al. (1988). The formulations for these bottom friction models can all be expressed in the following form:
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in which C_ ..., is a bottom friction coefficient that generally depends on the bottom orbital motion

represented by Ue!
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Hasselmann et al. (1973) found from the results of the JONSWAP experiment C, .. =C,,,=0.038 m s for

swell conditions. Bouws and Komen (1983) selected a bottom friction coefficient of C;on=0.067 m?s™ for fully
developed wave conditions in shallow water. Both values are available in SWAN.

The expression of Collins (1972) is based on a conventional formulation for periodic waves with the
appropriate parameters adapted to suit a random wave field. The dissipation rate is calculated with the
conventional bottom friction formulation of Eq. B1 in which the bottom friction coefficient is Cpottom =Ct gUrms
with Ct=0.015 (Collins, 1972). (Note that Collins (1972) contains an error in the expression due to an
erroneous Jacobean transformation; see page A-16 of Tolman, 1990).

Madsen et al. (1988) derived a formulation similar to that of Hasselmann and Collins (1968) but in their
model the bottom friction factor is a function of the bottom roughness height and the actual wave conditions.
Their bottom friction coefficient is given by:

-f 9y ) (B18)
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in which f_is a non-dimensional friction factor estimated by using the formulation of Jonsson (1966, cf.
Madsen et al., 1988):

+ log,
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and Ky is the bottom roughness length scale. For values of a, / Ky smaller than 1.57 the friction factor f is
0.30 (Jonsson, 1980).

Depth-induced wave breaking

To model the energy dissipation in random waves due to depth-induced breaking, the bore-based model of
Battjes and Janssen (1978) is used in SWAN. The mean rate of energy dissipation per unit horizontal area
due to wave breaking D, is expressed as:
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in which g,;,=1 in SWAN, Q, is the fraction of breaking waves determined by:
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in which Hn, is the maximum wave height that can exist at the given depth and O is a mean frequency
defined as:

foE(o,e) do de
0
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The fraction of depth-induced breakers (Qb) is determined in SWAN with

Q,=0 forp=zc.2

- ((g,-1) /8"
0, -0, - B* Qg e (G, /B2 foro.2«p-1
BP-exp ((Q,-1) /p?) (B24)

one step Newton-Raphson iteration)

0,=1 forp=1

/H

max

where p =H

rms

Forg:0.5, 0 =1andforo.5<p=1,0,=(2p-1)°

Extending the expression of Eldeberky and Battjes (1995) to include the spectral directions, the dissipation
for a spectral component per unit time is calculated in SWAN with:

E(o,e). (B25)
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The maximum wave height H_ is determined in SWAN with H_=yd, in which vy is the breaker parameter and

d is the total water depth (including the wave-induced set-up if computed by SWAN). In the literature, this
breaker parameter y is often a constant or it is expressed as a function of bottom slope or incident wave
steepness (see e.g., Galvin, 1972; Battjes and Janssen, 1978; Battjes and Stive, 1985; Arcilla and Lemos,
1990; Kaminsky and Kraus, 1993; Nelson, 1987, 1994). Since SWAN is locally defined, the dependency on
incident wave steepness cannot be used. Instead, the other two options (constant value or bottom-slope
dependent) were used in SWAN version 40.01 and older to determine the value of the breaker parameter.
Since SWAN version 40.11, the option of Nelson has been removed as the results of SWAN were better with
the option of a constant value.

In the publication of Battjes and Janssen (1978) in which the dissipation model is described, a constant
breaker parameter, based on Miche's criterion, of y=0.8 was used. Battjes and Stive (1985) re-analyzed
wave data of a number of laboratory and field experiments and found values for the breaker parameter
varying between 0.6 and 0.83 for different types of bathymetry (plane, bar-trough and bar) with an average of
0.73. From a compilation of a large number of experiments Kaminsky and Kraus (1993) have found breaker
parameters in the range of 0.6 to 1.59 with an average of 0.79.

Nonlinear wave-wave interactions (Snl )

Quadruplet wave-wave interactions

The quadruplet wave-wave interactions are computed with the Discrete Interaction Approximation (DIA) as
proposed by Hasselmann et al. (1985). Their source code (slightly adapted by Tolman, personal
communication, 1993) has been used in the SWAN model. In the Discrete Interaction Approximation two
quadruplets of wave numbers are considered, both with frequencies:

01 = 02 = g
o, = of(l+Ax) = o | (B26)
o] = og(l-A) = o

where A is a constant coefficient set equal to 0.25. To satisfy the resonance condltlons for the first

quadruplet, the wave number vectors with frequency o, and g, lie at an angle of 8,=-11. 5 and 6,=33. 6 to the
two identical wave number vectors with frequencies o1 and o,. The second quadruplet is the mirror of this
(o]

first quadruplet (the wave number vectors with frequency o, and g, lie at mirror angles of 6;=11.5 and 6,=
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-33.69.
Within this discrete interaction approximation, the source term Sp(a, 0) is given by:

S 7

1. (0,0)=83,(0,0) +8,,(c,0) (B27)

where S*ni4 refers to the first quadruplet and Snl4 to the second quadruplet (he expressions for S**,4
are identical to those for S*n4 for the mirror directions) and:

Spg(0,0) =288, (0,0,0) -85 ,,(a,0,0) -85, (a,0,0) (B28)

nl4d

in which a,=1, a,=(1+A) and a,=(1-A). Each of the contributions (i=1,2,3) is:

AREE] Elo,07, 0} Ela,o , 0]

—) |Efleo, 8) = + =

2 : {1+x)® {1-A}*

5 Elo,0,8) E{eyo’, 8) E{o,0,8) (B29)
{1-27)"

7
The constant C, = 3x10 . Following Hasselmann and Hasselmann (1981), the quadruplet interaction in finite
water depth is taken identical to the quadruplet transfer in deep water multiplied with a scaling factor R:

Sni4,finitedepth = R&pd) Snig,infinitedepth - (B30)

where R is given by:

c
R(k,d) =1+—(1—c kd) , (B31)

in which kp is the peak wave number of the JONSWAP spectrum for which the original computations were
carried out. The values of the coefficients are: CShl =55, Csh2 = 6/7 and CSh3 = -1.25. In the shallow water
limit, i.e., kpd 60 the nonlinear transfer tends to infinity. Therefore a lower limit of kpd:0.5 is applied (cf. WAM
Cycle 4; Komen et al., 1994), resulting in a maximum value of R (kpd)=4.43. To increase the model

robustness in case of arbitrarily shaped spectra, the peak wave number k; is replaced by kp =0.75 K (cf.
Komen et al., 1994).

In Hashimoto et al. (2003), it was demonstrated that the accuracy of the DIA may be improved by increasing
the number of quadruplet configurations. They proposed a Multiple DIA with up to 6 wave number
configurations with different values of A and C_,. These have been optimized by means of an exact method

(RIAM). These optimum values are default when choosing MDIA in SWAN (see command GEN3).

Triad wave-wave interactions
The Lumped Triad Approximation (LTA) of Eldeberky (1996), which is a slightly adapted version of the
Discrete Triad Approximation of Eldeberky and Battjes (1995) is used in SWAN in each spectral direction:

Sn13{o-'e):Sn_13{019)+5n+13(0re) (B32)

with
S5 (0,6) = max {O,D!EE2HCCQJ2|sin(B)|{E2(6/219) -2E(0/2,0) E(O,B)}} (B33)
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and

Sn_13(0,e}=_25_u_13(20,9} (B34)

in which O is a tunable proportionality coefficient. The biphase B is approximated with

B:—EJrEtanh[E) (B35)
2 2 Ur
with Ursell number Ur
=2
H T
vr=—9 s (B36)
82?2 d*

with T =2 n/ O . Usually, the triad wave-wave interactions are calculated only for 0.1 < Ur < 10. But for
stability reasons, it is calculated for the whole range 0 < Ur < 10. This means that both quadruplets and
triads are computed at the same time. The interaction coefficient J is taken from Madsen and Sgrensen
(1993):

kf”-z (gd+2 cf,f-z)

o 2 2 2 (B37)
k d d+ = gd*k>-20c%4d*2
odlg 159r ° 5 )

Wave-induced set-up

In a geographic 1D case the computation of the wave induced set-up is based on the vertically integrated
momentum balance equation which is a balance between the wave force (gradient of the wave radiation
stress normal to the coast) and the hydrostatic pressure gradient (note that the component parallel to the
coast causes wave-induced currents but no set-up):

das

XX

dn
+ H =0 B38
dx g dx (B38)
where H=d + /] is the total water depth (including the wave-induced set-up), d is the bottom level, 7] is
the mean surface elevation (including the wave-induced set-up) and

Sxx=pgf|_ncosze+n—1/2JEdod8

is the radiation stress tensor.

Observation and computations based on the vertically integrated momentum balance equation of Dingemans
et al. (1987) show that the wave-induced currents are mainly driven by the divergence-free part of the wave
forces whereas the set-up is mainly due to the rotation-free part of these forces. To compute the set-up, it
would then be sufficient to consider the divergence of the momentum balance equation. If the divergence of
the acceleration in the resulting equation is ignored, the result is:

(B39)
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Diffraction

In a simplest case, we assume there are no currents. This means that c,=0. Let denotes the propagation
velocities in geographic and spectral spaces for the situation without diffraction as: cx0,0,Cyo and cgo. These
are given by:

o = sin (8) - - 19dwdh
¥»o 3k ! 8.0 k oh dn (B40)

where k is the wave number and n is perpendicular to the wave ray. We consider the following eikonal
equation:

K2 = k2(1+5} (B4l)
with & denoting the diffraction parameter as given by:

‘?{ccg\THS}
0= ——7— A, (842)

Due to diffraction, the propagation velocities are given by:

_ = _ = B = 8 )
c, = cx,06 ; c, = cy,06 , c, = celoé acyo + C?—ycxlo (B43)

Numerical implementation

The integration of the action balance equation has been implemented in SWAN with finite difference
schemes in all five dimensions (time, geographic space and spectral space). These are first described for the
propagation of the waves without the source terms for generation, dissipation and wave-wave interactions.
Then the implementation of these source terms is described.

Time is discretized with a simple constant time step At for the simultaneous integration of the propagation
and the source terms. This is different from the time discretization in the WAM model or the WAVEWATCH
11l model where the time step for propagation is different from the time step for the source terms. Geographic
space is discretized with a rectangular grid with constant resolutions Ax and Ay in x and y-direction
respectively (in fact, this rectangular grid is a special case of the curvi-linear grid that has been programmed
in SWAN. The spectrum in the model is discretized with a constant directional resolution A8 and a constant
relative frequency resolution A o / ¢ (logarithmic frequency distribution). For reasons of economy, an option
is available to compute only wave components travelling in a pre-defined directional sector (6 min < 06<06 max
e.g., those components that travel shorewards within a limited directional sector). The discrete frequencies
are defined between a fixed low-frequency cut-off and a fixed high-frequency cut-off (the prognostic part of
the spectrum). For these frequencies the spectral density is unconstrained. Below the low-frequency cut-off
(typically fmin =0.04 Hz for field conditions) the spectral densities are assumed to be zero. Above the fixed

high-frequency cut-off (typically 1 Hz for field conditions) a diagnostic f™ tail is added. This tail is used to
compute nonlinear wave-wave interactions at the high frequencies and to compute integral wave
parameters. The reason for using a fixed high-frequency cut-off rather than a dynamic cut-off frequency that
depends on the wind speed or on the mean frequency, as in WAM and WAVEWATCH lll, is that in coastal
regions mixed sea states with rather different characteristic frequencies may occur. For instance, a local
wind may generate a very young sea behind an island, totally unrelated to (but superimposed on) a
simultaneously occurring swell. In such cases a dynamic cut-off frequency may be too low to properly
account for the locally generated sea state. Based on physical arguments the value of m (the power in the
above expression of the spectral tail) should be between 4 and 5 (e.g., Phillips, 1985). In SWAN m=4 if the
wind input formulation of Komen et al. (1984) is used (cf. WAM Cycle 3), and m=5 if the wind input
formulation of Janssen (1991a) is used (cf. WAM Cycle 4).
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Propagation The numerical schemes in SWAN have been chosen on the basis of robustness, accuracy and
economy. Since the nature of the basic equation is such that the state in a grid point is determined by the
state in the upwave grid points (so-called hyperbolic property), the most robust and efficient scheme is an
implicit upwind scheme. For such a scheme, the values of the time and space steps At, Ax and Ay are
mutually independent. An implicit scheme may also be economical in the sense that such a scheme is
unconditionally stable. It permits relatively large time steps in the computations (much larger than for explicit
schemes in shallow water). Several years of experience in using the second-generation HISWA shallow
water wave model (Holthuijsen et al., 1989) has shown that for coastal regions a first-order upwind difference
scheme in geographic space is usually accurate enough. This experience, together with test computations
with SWAN has also shown that in spectral space a higher accuracy than that of a first-order upwind scheme
is required. This can be achieved by supplementing such a scheme with a second-order central
approximation (more economic than a second-order upwind scheme). For SWAN therefore, implicit upwind
schemes in both geographic and spectral space have been chosen, supplemented with a central
approximation in spectral space.

The fact that in geographic space, the state in a grid point is determined by the state in the upwave grid
points (as defined by the direction of propagation), permits a decomposition of the spectral space into four
quadrants. In each of the quadrants the computations can be carried out independently from the other
quadrants except for the interactions between them due to refraction and nonlinear wave-wave interactions.

The wave components in SWAN are correspondingly propagated in geographic space with an upwind

scheme (upwind is the common term in numerical analysis, but up-wave would be more appropriate in the

case of SWAN). SWAN contains three such schemes:

3. First-order backward space, backward time (BSBT) scheme. It is in fact a classical first-order upwind
scheme. To be used for both stationary and non-stationary small-scale applications.

4. Second-order upwind scheme with second-order diffusion. This scheme is called the SORDUP scheme,
although it is known as the BDF scheme in the CFD community. To be used for stationary large-scale
applications.

5. Second-order upwind scheme with third-order diffusion as proposed in Stelling and Leedertse (1992).
This so-called S&L scheme can be used for non-stationary large-scale applications.

The first-order BSBT scheme (not default in SWAN) will be discussed first and then the extension to the
higher order schemes which are default in SWAN. The BSBT scheme is a sequence of four forward-
marching sweeps (one per quadrant). To properly account for the energy transfer between the four
quadrants, the computations are carried out iteratively within each time step. The integration in time is a
simple backward finite difference, so that the discretization of the action balance equation is (for positive
propagation speeds € C, >0 , including the computation of the source terms but

ignoring their discretization):
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where il is the time-level index and iX ,iy Jjigand ip are grid counters and At, Ax, Ay, Ac and A0 are the
increments in time, geographic space and spectral space, respectively. The iterative nature of the

computation is indicated with the iteration index n (the iteration index for the source terms n is equal to n or
n-1, depending on the linearization of the source term, see below). For negative propagation speeds,
appropriate + and -signs are required in Eq. (C1).

The coefficients v and n determine the degree to which the scheme in spectral space is upwind or central.
They thus control the numerical diffusion in frequency and directional space, respectively. A value of v=0 or
n=0 corresponds to central schemes which have the largest accuracy (numerical diffusion.0). Value of v=1 or
n=1 correspond to upwind schemes which are somewhat more diffusive and therefore less accurate but
more robust. If large gradients of the action density in frequency space or directional space are present,
numerical oscillations can arise (especially with the central difference schemes) resulting in negative values
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of the action density. In each sweep such negative values are removed from the two-dimensional spectrum
by setting these values equal to zero and rescaling the remaining positive values such that the frequency-
integrated action density per spectral direction is conserved. The depth derivatives and current derivatives in
the expressions of ¢, and c¢o are calculated with a first-order upwind scheme. For very strong refraction the
value of ¢ is reduced in each grid point and for each wave component individually with the square of the
fraction of the grid spacing over which kd<3.0.

For stationary conditions, SWAN can be run in stationary mode. Time is then removed as a variable but the
integration (in geographic space) is still carried out iteratively. The propagation scheme is still implicit as the
derivatives of action density (in x or y) at the computational level ( ix or iy, respectively) are formulated at that

level except in the integration dimension (x or y; depending on the direction of propagation) where also the
upwave level is used. The values of Ax and Ay are therefore still mutually independent.

For the SORDUP scheme, which is the default scheme for stationary computations, the two terms in
equation (C1) representing x-and y-derivatives are replaced by (Rogers et al. (2002)):

i,,n
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For the S&L scheme, which is the default scheme for non-stationary computations, the two terms in equation
(C1) representing x-and y-derivatives are replaced by (Rogers et al. (2002)):
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In the neighbourhood of open boundaries, land boundaries and obstacles (i.e., the last two grids adjoining
such grid points for the SORDUP scheme and the last three grids adjoining such grid points for the S&L
scheme), SWAN will revert to the first-order BSBT scheme. This scheme has a larger numerical diffusion but
that is usually acceptable over the small distances involved.

Usually, the numerical diffusion of the S&L scheme is so small that the so-called garden-sprinkler effect
(GSE) may show up if propagation over very large distances is considered. This effect is due to the spectral
resolution (see Booij and Holthuijsen (1987)). It can be counteracted by a diffusion term that has been
explicitly added to the numerical scheme (not default in SWAN). Its value depends on the spectral resolution
and the propagation time of the waves (see the input variable [wave age] in the PROP command).

The diffusion applied in the propagation direction is:
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D =Ac?T/12
88

(C2)
where T is the wave age.

The diffusion normal to the propagation direction is:

D =Ac?*T/12
88

(C3)

From these, diffusion coefficients are calculated as:

e 2n . PR |
D _=D__cos <} D _sin g,

_ .32 2 (C4)
D=0 &in 6 +D,_cos?6 and

ny: (D —Dlm) cosBsind.
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The diffusion terms are computed at the time level i; -1. The diffusion terms are computed as follows:
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This explicit finite differencing is fast (having little impact on computation time) but only conditionally stable.
Through mathematical analysis (not shown) it can be shown that a likely stability condition for the one-
dimensional S&L scheme with this GSE correction is DAt / (sz) < 0.5 which corresponds to the two-
dimensional stability criterion of Tolman (1995; based on Fletcher, 1988, Part |, section 7.1.1):

max (D__,D _,D_)At
= D 4 A <0.5

min (Ax, Ay)?

(C6)

Thus, it is credible that Eq. (C6) holds true for the two-dimensional S&L scheme with this GSE correction. In
experiments, it was found that with Q<0.48 , no instability was observed. In short, by adding the GSE
correction, the unconditionally stable advection scheme of SWAN becomes a (likely) conditionally stable
advection-diffusion scheme. It is readily shown that for typical ocean applications D,

dominates the diffusion and Q can be written as:

0=CT/Ax.CAt/Ax.NAB*/12 (C7)
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The variable wave age T could be computed during the computations of SWAN (Booij and Holthuijsen, 1987)
but it requires the same order of magnitude of computer memory as integrating the action balance equation.
Instead a constant wave age T can be used as an approximation, so that Eq.(C7) becomes

O=L/Ax.un.AB%/12 (C8)

where the characteristic travel distance of the wavesis L = C T (e.g., the dimension of the ocean
basin). For oceanic applications, the Courant number is typically p = 1/2 so that Q < 0.25 for typical values of

A8 and L 7 Ax (the number of grid point in one direction of the grid). This implies that the S&L scheme with
this GSE correction is stable for typical ocean cases. For shelf sea (regional) applications, the value of p =
O(1) but the garden-sprinkler effect tends to be small on these scales and the diffusion can and should not
be used to avoid the stability problem. For small-scale (local) applications, typically p = O(10-100). But such
cases are usually treated as stationary and the SORDUP scheme should be used (no GSE correction is
included in this scheme).

Curvi-linear grid
The propagation scheme in SWAN for geographic space is formulated on a curvi-linear geographic grid

(irregular, quadrangular, not necessarily orthogonal) rather than the recti-linear grid of SWAN Cycle 1. This
modification is based on approximating the geographic distribution of the energy (action) density between
each three neighbouring grid points with a flat triangle. The gradient in each grid point at location (xi,yj) is
then readily approximated from the up-wind grid points. For the x-direction, this is for grid point i,j (the grid
points are ordered in x,y-space with labels i and j respectively):
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The gradient in y-direction is similarly approximated.

Boundary conditions

The boundary conditions in SWAN, both in geographic space and spectral space are fully absorbing for wave
energy that is leaving the computational domain or crossing a coast line. The incoming wave energy along
open geographic boundaries, needs to be prescribed by the user. For coastal regions such incoming energy
is usually provided only along the deep-water boundary and not along the lateral geographic boundaries (i.e.,
the spectral densities are assumed to be zero). This implies that such erroneous lateral boundary conditions
may be propagated into the computational area. The affected areas are typically triangular regions with the
apex at the corners between the deep-water boundary and the lateral boundaries, spreading towards shore

o} o}
at an angle of 30 to 45 (for wind sea conditions) on either side of the deep-water mean wave direction (less
for swell conditions; this angle is essentially equal to the one-sided width of the directional distribution of the
incoming wave spectrum). For this reason the lateral boundaries should be sufficiently far away from the
area of interest to avoid the propagation of this error into the area.

Solution technigue

To explain the numerical solution technique for solving equation (C1), first, ignore the decomposition in
quadrants. The propagation of the waves in both geographic and spectral space would then be described
with one large basic matrix which can be solved in several ways. Removing refraction, frequency shifting and
nonlinear source terms from this basic matrix permits a matrix solution with a Gauss-Seidel technique in
which the matrix is decomposed in four sections (the above four directional quadrants) which are each
solved in one step (super-convergence), see, e.g., Golub and Van Loan (1986). Restoring refraction and
frequency shifting to the matrix requires the solution of a submatrix for each geographic grid point. If no
currents are present and the depth is stationary, i.e. c,= 0, a tridiagonal submatrix results that can be solved
easily with the Thomas’ algorithm (see Golub and Van Loan (1986)). If currents are present or the depth is
non-stationary, a penta-diagonal submatrix for each geographic point occur. It is solved with the fast iterative
S(trongly) I(mplicit) P(rocedure) solver of Stone (1968). Because of refraction and frequency-shifting,
equation (C1) needs to be solved iteratively until some break-off criteria are met. To reduce the number of
iterations in stationary mode with wind generation, SWAN starts with a reasonable first-guess of the wave
field. This first-guess is based on the second-generation source terms of Holthuijsen and De Boer (1988),
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adapted for shallow water. It reduces the number of iterations typically by a factor two. In non-stationary
mode, a very reasonable first-guess per time step is available from the previous time step and the number of
iterations is expected to be small.

Generation, wave-wave interactions and dissipation

The numerical approximation of the source terms in SWAN is essentially implicit.

The linear growth term A is independent of integral wave parameters and the energy density and can
therefore be readily computed. All other source terms depend on energy density and they can be described
as a (quasi-)linear term: S = ¢ E, in which ¢ is a coefficient that depends on (integral) wave parameters (e.g.,

B’ g, k 0, k, etc.) and action densities. Since these are only known at the previous iteration level n-1,

the coefficient ¢ need to be determined at that iteration level.

For positive source terms (wind input and the triad wave-wave interactions if positive) the integration is
generally more stable if an explicit formulation is used (i.e., the source term depends on E™* and not on E"
rather than an implicit formulation (i.e., the source term depends also on E"). The explicit formulation for
these source terms in SWAN is therefore:

S o . (pil -1 EIJ -1 (ClO)

For reasons of economy this explicit approximation is also used for the formulation of the quadruplet wave-
wave interactions (for both the positive and negative contributions). This is considered reasonable since
Tolman (1992a) has shown that using an explicit formulation in combination with a limiter (see below) gives
similar results as the use of a more expensive implicit scheme (this implicit formulation is also optionally
available in SWAN; in the WAM model it is indicated as the semi-implicit scheme, the WAMDI group, 1988;
Komen et al, 1994).

For negative source terms the integration is generally more stable if an implicit scheme is used. The strongly
nonlinear, negative source term of depth-induced wave breaking at iteration level n is accordingly estimated
with a linear approximation:

.
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However, to achieve even more stable computations for this source term, the term ¢”'1 E™ in this

formulation has been replaced by ¢”’1 E" (making the formulation somewhat more implicit and thus more
robust; note that in the limit the solution is the same). Since this process of depth-induced wave breaking has

been formulated such that S = a Sir and E = a Ei the derivative 0 S/O0E is analytically determined as
0 Sio/ O Exor (where a is identical in both expressions and the total energy E and the total source S, are
the integrals over all frequencies and directions of E (o, 6) and Sictr (o, 0), respectively). For the other

negative (mildly nonlinear) source terms, i.e., Whitecapping, bottom friction and negative triad wave-wave
interactions a similar accuracy of estimating S" can be achieved with the following simpler, and therefore

more economical approximation in which (0 S/ 0 E)™ b of Eqg. (C11) has been replaced by (S/E)

Sn —x(Dﬂ_l E11—1+ S n-1 (Eil_Eil—l)
E (C12)
With S = ¢ E, this reduces to:

S-n ) n-1 Eil . (C13)

These approximations for the source terms are added to the elements of the matrix for the propagation.

Action limiting and frequency-dependent under-relaxation

Many time scales are involved in the evolution of wind waves. The high-frequency waves have much shorter
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time scales than the low-frequency waves. To deal with these large differences in time scales, efficient
numerical integration techniques need to be designed for operational applications.

To match physical time scales at relatively high frequencies, the maximum total change of action density per
iteration at each discrete wave component is limited to a fraction of 10% of the Phillips (1957) equilibrium
level (reformulated in terms of action density and wave number to be applicable in shallow water; as in the
WAM model and in the WAVEWATCH Ill model; Tolman, 1992a):

_ 0.1 GPMH
|AN(0,0) | = 2no Fio (C14)
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where a,, = 0.0081 is the Phillips' constant of the Pierson-Moskowitz (1964) spectrum. This approach

appears to guarantee numerical stability at relatively large time steps even when they violate the time scales
of wave growth. Since, low-frequency waves carry the most energy it is hecessary to solve the action density
equation for slowly varying waves accurately without dictating them by a limiter, whereas for high-frequency
waves only equilibrium solution suffice. However, numerous studies with the stationary mode of SWAN show
that limiter activity is not restricted to the equilibrium range, but that it is also found at the lower-frequency,
energy-rich part of the spectrum. Moreover, action limiting often leads to small oscillations in the converged
solution.

An alternative route is under-relaxation, i.e. to make smaller updates by means of a much smaller time step.
However, this greatly increases the computational time. An approach, that finds a compromise between fast
convergence and minimizing the role of the limiter for particularly low frequencies, is a frequency-dependent
under-relaxation technique as proposed by M. Zijlema. The basic idea is to link the extent of updates to the
wave frequency !the larger the frequency the smaller the updates.

The discretization of the action density equation at each geographical gridpoint yields a system of equations
which can be written as

AN = Db (C15)

where A and b represent space discretizations and source terms, respectively, and N denotes an algebraic
vector containing the action density in spectral bins. Carrying out smaller updates may be achieved by
enhancing both the main diagonal of A and b with certain amounts. To make them frequency-dependent, we
proposed the following:

A- A+ ool ; b~ b+ No
o) (oTe) (C16)

where o is a proportionality factor. Note that the added amounts will not affect the solution of the original
system of equations when steady-state is reached. It is found that the method of under-relaxation yields
more stable model results than action limiting, albeit by using more computational time.

Further details on action limiting and frequency-dependent under-relaxation can be found in Zijlema and Van
der Westhuysen (2004).

Wave-induced set-up

In 1D cases, the wave-induced set-up is calculated in SWAN with a simple trapezoidal rule.

In 2D cases, the Poisson equation of the divergence-free force field is solved in SWAN with a modified

Successive Over Relaxation (SOR) technique (Botta and Ellenbroek, 1985). The boundary conditions for this

elliptical partial differential equation are:

al) at open boundaries: equilibrium between wave force and hydrostatic pressure gradient normal to the
model boundary,

a2) at last grid points before shoreline: equilibrium between wave force and hydrostatic pressure gradient
normal to the model boundary and

a3) at deepest boundary point: set-up is zero.

The shoreline in SWAN moves as dictated by the wave-induced set-up. The set-up computations are
available in both the recti-linear and curvi-linear grids. It is however not supported in parallel runs using MPI
and also not tested with OpenMP.
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